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Quantization of generally covariant systems with extrinsic time
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A generally covariant system can be deparametrized by means of an “extrinsic” time, provided that the
metric has a conformal “temporal” Killing vector and the potential exhibits a suitable behavior with respect to
it. The quantization of the system is performed by giving the well ordered constraint operators which satisfy
the algebra. The searching of these operators is enlightened by the methods of the BRST formalism.
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General relativity and quantum mechanics are the mostajectory; this is the essential property of time. In this case,
important achievements of physics in this century. It seem®&ef. [3] shows the consistent operator ordering obtained
essential to find a quantum theory of gravity by embracingrom the Becchi-Rouet-Stora-TyutiBRST) formalism.
both theories in a consistent one. However, despite the many Unfortunately that analogy cannot be considered too seri-
efforts that have been made, that program has not been sueusly because the potential in general relativity is then-
cessfully completed1]. positive-definite spatial curvature. This means that the time

One of the most difficult features is the problem of time in general relativity must be suggested by another mechani-
[2]. In quantum mechanics, time is an absolute parameter; gal simile.
is not on an equal footing with the other coordinates that turn In order to essay a better mechanical model for general
out to be operators and observables. Instead, in general relgglativity, let us start with a system of genuine degrees of
tivity “time” is merely an arbitrary label of a spatial hyper- freedom with a Hamiltoniah=3g*"p,,p,+v(q*) and defi-
surface, and physically significant quantities are independeritite positive metriog#”.
of those labels: they are invariant under diffeomorphisms. The dynamics of the system will not change if a function
General relativity is an example of a parametrized system of t, namely—t2/2 is added to the Hamiltonian. So we write
system whose action is invariant under change of the intethe action
grating parametér One can obtain such a kind of system by 5
starting from an action which does not possess reparametri- S= di#—h " + t_ dt 1
zation invariance, and raising the time to the rank of a dy- =] |P«Tat (@%.p,.) 2|96 A=
namical variable. So the original degrees of freedom and (1)
time are left as functions of some physically irrelevant pa-
rameter. Time can be varied independently of the other de- The system is parametrized by regarding the integration
grees of freedom when a constraint together with the respesariablet as a canonical variable whose conjugated momen-
tive Lagrange multiplier are added. In this process, one end&im is (minug the Hamiltonian. This last condition enters
with a special feature: the Hamiltonian is constrained to vanthe action as a constrairt{= p,+h—t?/2, and the action
ish. reads

Most efforts directed to quantize general relativiigr
some minisuperspace modelsmphasize the analogy with dt dg*
the relativistic particle[3,4]. Actually, both systems have S[q“'pwt'pt’N]:f [ptd_q.”Lqu
Hamiltonian constraintg{ that are hyperbolic on the mo-
menta. If the role of the squared mass is played by a positive
definite potential, then the analogy is complete in the sense
that time is hidden in configuration space. In fact, the posi-
tive definite potential guarantees that the temporal compowhereN is the Lagrange multiplier.
nent of the momentum is never null on the constraint hyper- So far the constraint is parabolic in the momenta. How-
surface. Thus the Poisson brackgt,} is also never null, ever one can perform the canonical transformation,
telling us thatg® evolves monotonically on any dynamical

—N dr, (2

t2
p'[+ h(q'uvp,u) - E)

q°=p;, Ppo=-t )
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1 1 1 L G=0, 9
H=0"+h—=p5=—5Po+ 59"P.up,+0(q*)+q° °
1 such that
=29 PPt U, @ e V=1, (10
with r,s=0,1,...n. The metric components rea@®= Differing from those approaches where a hyperbolic con-

-1, G%=0, G#*=g*” and the potential i8(q")=v(q*) straint like Eq.(4) is compared with the one of a relativistic

+q° ThengG's is a Lorentzian metric, as is the supermetric particle, and the parameter of the Killing vector is regarded

in the Arnowitt-Deser-MisnefADM) formalism of general as the time[6], in our treatment the timet& —py) is the

relativity. The constraint4) describes a parametrized systemdynamical variableeonjugatedto the parameter of the Kill-

with extrinsic (hidden in the phase spacéme [5], whose ing vector.

potential is not positive definite. In order to quantize the theory, we must find well ordered
For a complete analogy with general relativity, the “su- first class constraint operators satisfying the quantum con-

permomenta constraints” can be introduced by addinde-  straint algebra,

grees of freedong?. Their spurious character is stated oy

linear and homogeneous constraifig=£.p, , whereé, are [71,Gal=CgaH +CgaGo (11
m vectors fields tangent to the coordinate curves associated

with the g¥'s. Thesem constraintsG, can still be linearly [Ga,Gp]=CE(a)Ge, (12)
combined

where the structure functionl), is linear in the momenta,
a ;
G,—Ga=A_(q)G,, detA+0, (5) cga(q,p)zcgé(q)pj .
_ _ However, it is apparent that the potenfiatommute with
to get an equivalent set of linear and homogeneous supermehe linear constraint§, (it is gauge invariantand as a con-

menta constraints. The sek((G,) is first class. . sequence the structure functiofy, must vanish. The algebra
Finally the dynamics of the system is obtained by varymg(ll) (12) with 68 —0 was already solved in Refg]. There
’ a . ’

the action ; . . g
the Dirac constraint operators were obtained within the
framework of the BRST formalism:

_ dg
S[q',pi,N,Na]=f [pid_(j__NH_NaGa dr, . i
72[:Ef—llzﬁigijff,jf—llerEfl/zcgjaﬁij/erV (13)
i=0,1,...n+m, (6)

. . . and
where N? are the Lagrangian multipliers corresponding to
the constraintss, . A 1240 e—1/2
Such a system satisfies the following conditigmghich Ga=T"epif 5 (14

can be read from the Hamiltonian constraint, E§.: where the functiorf = f(q) satisfies

ij . N
Yoo, @ Coy= 21 £} =div; &, (15
Jq
(a is the volumea=fdq®/A---Adg"*™).1
EY, The Dirac constraint operatord.3),(14) were obtained
Q= (8)  from the quantum BRST generator, the central object of the
method. The BRST generator is a fermionic real function in
an extended phase space spanned by the original canonical
pairs (@', p;) and bym+ 1 fermionic canonical pairsi®,Py)

o

The symbol “~” means “weakly equal” (the equality is
restricted to the submanifold defined by the constraifs
~0) and it replaces the ordinary equality because the metric—__
has a nonphysical sector which may dependibn ~

The parametrization of the system, which is still visible in  The (n+m-+1)-form @ solving Eq.(15) is a volume in the con-
Eq. (4) due to the special form of the potential and the com-figuration spaceVt: a=E*/\- .- AE™\w, where{E?} is the dual
ponents of the metric, can be masked by means of a genergasis of{£,} in T M (the “longitudinal” tangent spade andw
coordinate transformation. However, the distinctive geo-=w(y)dy’/A---Ady" is a closedn form where they''s are n
metrical properties of the system, namely E@$,(8), can be  +1 functions which are left invariant by the gauge transformations
written in a geometricali.e., coordinate independentin-  generated by the linear constrairtyy’(£,)=0, Vr,a).a is the
guage, by using Lie derivatives. Thus, E@) and (7),(8)  volume induced by the constraints in the gauge orbit, timéma-
tell us that there exists a weaklynitary temporal Killing  chosen volume in the “reduced” space. For a detailed demonstra-
vector field satisfying tion, see Ref[3].
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(one for each constraintThe quantum BRST generator is a leading to a new Hermitian and nilpotent BRST generator,
nilpotent Hermitian operator which reads for the system un-
der consideration: Q=7 %|50|71f71/2ﬁig”fﬁjf71/2| gL
O — S0/ Sair l‘o“a‘b > l"aAb"c =
=R+ 7°Cat 517 CoqPot 5777 CapPe | At e 112 |2
+§|§o| e o Vo1 B P b P Y

~(1 P
— _f71/2_ ijf _f71/2+ fl/2 aj f- 1/2+V PN CA s A A N -
32 PG TP, 2Py + %ol TP~ YA &0l Tt - 2975l o) i Po

R N 1. . . 1. . . Ca
+ 7laf l/2§lapif71/2+ E,)70 na(flIZCgJapjfflIZ + E770 77a| §0| 71(f1/2cgjapjffl/2

~ 1. . A 1.
+ 17 Y2icobf YA Pyt St P Cop P (16) ookt A&l Pt S PP, (23

(in this »— P ordering, the Dirac constraint operators and thewhich corresponds to constraint operators satisfying the scal-
structure function operators can be directly read frofiTjt. ing mvanance (30 that Gl =|£,|"2G",V=|&,| "2V, and

In Ref. [3] we started with a pseudo-Riemannian metric bJ |§ -2
and a constant potentidh relativistic particle in curved 0
spacg. That system had the properqga= 0, which facili- 1
tated the search for the nilpotent BRST generator. After that, A= §|§O| U2 &/ 2GT fpyf MR €|
a generalbut positive definitg potential was introduced by
means of a unitary transformation of the BRST generator, i o .
and ¢S, turned to be non null. This procedure gave to the +§|§o|f1/2C§ijf71/2|§o|71+V, (24
constraint operators the invariance under scaling of the
super-Hamiltonian constrairitvithout having recourse to a . > A S
Cur')vature term r( 9 Ga: | §O| fl/zgie\pif_1/2| §0| _lv (25)

In the present case the system is not a relativistic particle:
the potential is not constariand neither is it positive defi-
nite), and the time is not hidden among the coordinates.

with the corresponding set of structure functions,

~O _ _ i r )
Howeverc), is still null due to the gauge invariance of the Coa= ~2&a(Il&o]) 5 (26)
potential. Once again, the invariance under scaling of the
super Hamiltonian will be introduced by performing a uni- =—(|§o|fl/2C p = 1/2|§ |2
j

tary transformation in the extended space.
The scaling of the Hamiltonian constraint

+| &l TH Ay Colf YA, @7
H—H=FH, F>0 (17
Cc
(thengi —~Gli=FgGl, V—V=FV) relaxes the geometrical Cao=Cab: (28
properties ofty: all of them properly ordered for satisfying the constraint al-
> > _1p gebra,
|&ol =1—&|=F % (18
H,G,1=C2.H+C5.(aq,p)Gp, 29
£4,G~0—L;G~CG, (19 [H.Gal= 0a(0.P)Go (29
: [Ga.Go]=Con(m)Ge. (30)
L; V= 1—>£§OV=CV+|§O|‘2, (20) arb ab c

The quantization procedure is not completed without a
with C(q)=&(InF)=—2&(In|&)). Thus & becomes a physical inner product where the spurious degree of freedom
weakly nonunitary conformal Killing vector. are frozen by means of gauge fixing conditions. In addition

At the quantum level, the corresponding scaling operatiorio the m gauge conditiong? related to spatial spurious de-
can be accomplished by performing the unitary transformagrees of freedom, one should deal with the reparametrization

tion of the quantum BRST generator invariance, which is associated with the inclusion of time
R i among the dynamical variables. This is an easy task, as long
ﬁﬁeiMﬁe—iM, (21) as one follows the parametrization process exposed at the
very beginning of the present work. At the level of E2), it
with is apparent that one should insert a del&{t—1ty) ({t

A o o R —t9,H}=1), to regularize the inner product, which means
M =[PoIn| & 7°— 7°In| | Pyl |E0|>0 (220  to take the inner product at a given tirhg
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It should be noticed that the integration in the coordirgife
J is evaluated along the vector field lines &f.

After completing the quantization, one can further under-
stand the obtained ordering, Eq24), (28). It fulfills the
invariance properties imposed to the theofiy: coordinate
changes(ii) combinations of the supermomerntag. (5)],

IT a0

X3(t—to) 1 (.aMe2(t,.q"), (31

wherey=1, ... n+mandJis the Faddeev-Popov determi- . o
nant associated with the linear constraints. Then, through nd (."')I scaling .Of the ?u.per Hamllljtontla[‘lfi?h (17D)']. The
canonical transformation, the time is associated with the moP ysical gauge-invanant inner product ot the irac wave

i . ) . functions, Eq.(33), must be invariant under any of these
tr?e;]t?[rmh@)g’ Srci) ?);hch\?vngln? tno ttiglsnrep[)ets?nntamdn?/n transformations. On account of the change of the Faddeev-
nsr ;r%ductg ourier the wave functibpne obtains the in- Popov determinant undéii) and (iii ), the inner product will

remain invariant if the Dirac wave function changes accord-
ing to

(<P1,<Pz)t0: f dtdq

IT sx)

o 0_~’0 ,
XJe M@ a0 6x (g0, ea(a'0,q7).

1 -
(¢1,¢2)=5f dgqdddq’® o— ¢’ =(detd) ¥ &l ¢. (39)

So, the factorsf “¥2|&,|* in the constraint operators are

just what are needed in order th@te, He, and C2 e
(32 transform asp, so preserving the geometrical character of

When the Hamiltonian constraint is scaldgh. (17)], the the Dirac wave funct|orﬁ3].
o L : Concerning the extension of the here exposed treatment to
physical inner product must remain invariant. On account of

the behavior of the wave function under scaling, which isgeneral relativity, Kuchahas shown in Ref6] that a con-

. . formal timelike Killing vector actually exits in the super-
apparent in the structure of the constraint operafises Eq. space of the ADM fogrmalism. But th)(/a question wheth%r or

(34) belovv],_ the.(originally unitary) norm of &, must appear ot it satisfies property20) remains open.
in the physical inner product As a final remark, it is worth mentioning that although the
idea of an extrinsic time is not new in general relati\i},
w0 o E -1 its use in the quantization problems is rather scag;&0].
Je1(a%.9")] &l As it was shown, the mechanical model presented here can
lead to a better understanding of its implementation.
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